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SOME APPLICATIONS OF UNIFORMLY p-CONVERGENT
SETS
M. ALIKHANI.
Abstract. In this paper, we introduce a new class of subsets of bounded
linear operators between Banach spaces which is p-version of the uniformly
completely continuous sets. Then, we study the relationship between these
sets with the equicompact sets. Moreover, we introduce the concept of
weakly p-sequentially continuous differentiable mappings and obtain some
characterizations of these mappings. Finally, we give a factorization result
for differentiable mappings through p-convergent operators.
1. Introduction
Let X and Y be Banach spaces. The study uniformly completely continuous
sets in the class of all bounded linear operators between Banach spaces have
been obtained in recent years by several authors. The research works of Cilia et
al. [9], shows that if U ⊆ X is an open convex and f : U → Y is a differentiable
mapping whose derivative f ′ is uniformly continuous on U -bounded subsets of
U (f ∈ C1u(U, Y )), then f takes weakly Cauchy U -bounded sequences into
norm convergent sequences (in short, f ∈ Cwsc(U, Y )), if and only if f
′ takes
Rosenthal and U -bounded subsets of U into uniformly completely continuous
subsets of L(X, Y ). For more information in this kinds of researches, we refer
the reader to [2, 5, 10, 11, 13, 15, 17, 18, 19, 20] and references therein.
Recently, Chen et al. [16], by introducing the notion p-(V ) sets, showed that
an operator T : X → Y is p-convergent if and only if its adjoint T ∗ : Y ∗ → X∗
takes bounded subsets of Y ∗ into p-(V ) subset X∗. Motivated by the above
work and the research works of Cilia et al [9, 10, 11], we give similar results for
differentiable mappings. Here, we introduce the notion uniformly p-convergent
sets and we try answer to the following interesting questions:
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• For given a differentiable mapping f : U → Y, under which conditions
its derivative f ′ takes U -bounded weakly p-precompact subsets of U
into uniformly p-convergent subsets?
• For given a differentiable mapping f : U → Y, under which conditions
its derivative f ′ takes U -bounded sets into uniformly p-convergent sets?
This paper deals with the p-version of uniformly completely continuous sets
and weakly sequentially continuous differentiable mappings. In Section 2 of
this article provides a wide range of definitions and concepts in Banach spaces.
These concepts are mostly well known, but we need them in the sequel.
In Section 3, we define the concepts of uniformly p-convergent sets and weakly
p-sequentially continuous differentiable mappings. Also, we apply the notion
weakly equicompact sets in order to find a characterization for those Banach
spaces in which the double dual of them have the p-Schur property. Finally,
we find some equivalent conditions for all f ∈ C1u(U, Y ) such that f ′ takes
U -bounded and weakly p-precompact subsets of U into uniformly p-convergent
subsets of the class of all bounded linear operators from X to Y.
In the Section 4, we apply the concept uniformly p-convergent sets in order to
find a factorization result for a differentiable mapping through a p-convergent
operator.
2. Notions and Definitions
Throughout this paper X, Y and Z will always denote real Banach spaces
and U is an open convex subset of X. We denote the spaces of all bounded
linear operators, compact operators and weakly compact operators from X
into Y by L(X, Y ), K(X, Y ) and W (X, Y ), respectively. The topological dual
of X is denoted by X∗ and the adjoint of an operator T is denoted by T ∗.
Also we use 〈x∗, x〉 or x∗(x) for the duality between x ∈ X and x∗ ∈ X∗. We
denote the closed unit ball of X and the identity operator on X by BX and idX
respectively. p∗ will always denote the conjugate number of p for 1 ≤ p < ∞;
if p = 1, ℓp∗ plays the role of c0. The unit coordinate vector in ℓp (resp. c0 or
ℓ∞) is denoted by e
p
n(resp. en). In this paper 1 ≤ p <∞, except for the cases
where we consider other assumptions.
To state our results, we need to recall some definitions. A sequence (xn)n in X
is called weakly p-summable, if (x∗(xn))n ∈ ℓp for each x
∗ ∈ X∗. We denote by
ℓwp (X) the space of all weakly p-summable sequences in X ; see [14]. A bounded
subset K of X is relatively weakly-p-compact, if every sequence in K has a
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weakly-p-convergent subsequence with limit in X. A sequence (xn)n in X is
called weakly p-Cauchy, provided that (xmk−xnk)k ∈ ℓ
w
p (X) for any increasing
sequences (mk)k and (nk)k of positive integers; see [8]. A subset K of X is
said to be weakly p-precompact, provided that every sequence from K has a
weakly p-Cauchy subsequence; see [8]. Note that the weakly∞-precompact sets
are precisely the weakly precompact sets or Rosenthal sets. An operator T ∈
L(X, Y ) is said to be weakly p-precompact, if T (BX) is weakly p-precompact.
An operator T ∈ L(X, Y ) is called p-convergent, if lim
n→∞
‖ T (xn) ‖= 0 for all
(xn)n ∈ ℓ
w
p (X). We denote the space of all p-convergent operators from X into
Y, by Cp(X, Y ); see [6]. If the identity operator on X is p-convergent, we say
that a Banach space X has the p-Schur property, which is equivalent to every
weakly p-compact subset of X is norm compact; see [12]. A Banach space X
is said to have the Dunford-Pettis property of p (in short, (DPPp)), if for any
Banach space Y, every weakly compact operator T : X → Y is p-convergent;
see [8]. A bounded subset K of X∗ is a p-(V ) set, if lim
n→∞
sup
x∗∈K
|x∗(xn)| = 0,
for every (xn)n ∈ ℓ
w
p (X); see [16]. Given x, y ∈ X, the segment with bounds
x and y denoted by I(x, y). A set B ⊂ U is U -bounded, if it is bounded
and the distance between B and the boundary of U is strictly positive; see
[10]. The space of all differentiable mappings f : U → Y whose derivative
f ′ : U → L(X, Y ) is uniformly continuous on U -bounded subsets of U will be
denoted by C1u(U, Y ); see [9]. A set M ⊂ K(X, Y ) is equicompact, if there
exists a null sequence (x∗n)n in X
∗ so that ‖ T (x) ‖≤ supn |x
∗
n(x)| for all x ∈ X
and all T ∈M, which is equivalent to every bounded sequence (xn)n in X has
a subsequence (xkn)n such that (Txkn)n is uniformly convergent for T ∈M ; see
[18]. For given a mapping f : U → Y and a class M of subsets of U such that
every singleton belongs to M, the mapping f is M-differentiable at x ∈ U, if
there exists an operator f ′(x) ∈ L(X, Y ) such that
lim
ε→0
f(x+ εy)− f(x)− f ′(x)(εy)
ε
= 0
uniformly to y on each member ofM. In this case, we write f ∈ DM(x, Y ); see
[15]. We say that a mapping f is Gaˆteaux differentiable at x, if f ∈ DM(x, Y )
where M is the class of all single-point subsets of X. We also, say that f
is Fre´chet differentiable at x if f ∈ DM(x, Y ), where M is the class of all
bounded subsets of X.
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3. Weakly p-sequentially continuous differentiable mappings
Here, we introduce the notion uniformly p-convergent sets in L(X, Y ) and
give some properties of these sets. Then, we study the weakly p-sequentially
continuous differentiable mappings.
Definition 3.1. Let K ⊂ L(X, Y ). We say that K is a uniformly p-convergent
set, if every (xn)n ∈ ℓ
w
p (X) converges uniformly on K, that is,
lim
n
sup
T∈K
‖T (xn)‖ = 0.
Note that, the uniformly∞-convergent sets in L(X, Y ) are precisely the uni-
formly completely continuous sets; see [18]. Also, every uniformly q-convergent
subset of L(X, Y ) is uniformly p-convergent, whenever 1 ≤ p < q ≤ ∞.
It would be interesting to obtain conditions under which every uniformly p-
convergent set in L(X, Y ) is uniformly q-convergent. In particular, we obtain a
characterization for those Banach spaces in which uniformly p-convergent sets
in X∗ are uniformly q-convergent; see [4].
The following example shows that, there exists a uniformly p-convergent subset
of L(ℓ2, Y ) so that it is not uniformly q-convergent.
Example 3.1. Let X = ℓ2 and Y be an arbitrary Banach space. Since ℓ2 does
not have 2-Schur property, Bℓ2 is not a 2-(V ) set in ℓ2. Therefore Bℓ2 is not
uniformly 2-convergent subsets of ℓ2. On the other hand, ℓ2 contain no copy of
c0. Therefore, ℓ2 has the 1-Schur property; see [12]. Hence, Bℓ2 is a 1-(V ) set
and so, Bℓ2 is a uniformly 1-convergent subsets of ℓ2. Now, let 0 6= y0 ∈ BY
and S : R → Y be the operator given by S(λ) := λy0 (λ ∈ R). Define an
operator T : ℓ2 → L(ℓ2, Y ) by T (φ)(h) := φ(h)y0, for φ ∈ ℓ
∗
2 = ℓ2 and h ∈ ℓ2.
Then
‖ T (φ) ‖= sup
h∈Bℓ2
‖ T (φ)(h) ‖= sup
h∈Bℓ2
‖ φ(h)y0 ‖=‖ φ ‖ .
Since, uniformly p-convergent sets are stable under isometry, there exists a
uniformly 1-convergent subset of L(ℓ2, Y ) such that it is not uniformly 2-
convergent.
In the following result, we give some properties of uniformly p-convergent
sets.
Proposition 3.1. (i) Every subset of a uniformly p-convergent set in L(X, Y )
is uniformly p-convergent.
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(ii) Absolutely closed convex hull of a uniformly p-convergent set in L(X, Y )
is uniformly p-convergent.
(iii) If K1, · · ·, Kn are uniformly p-convergent sets in L(X, Y ), then
n⋃
i=1
Ki and
n∑
i=1
Ki are uniformly p-convergent sets in L(X, Y ).
(iv) Every relatively compact subset of Cp(X, Y ) is uniformly p-convergent.
(v) If K ⊂ L(X, Y ) is a uniformly p-convergent set, then K ⊂ Cp(X, Y ).
Theorem 3.2. Let X be a Banach space. If there exists a Banach space
Y so that every uniformly p-convergent set of K(X, Y ) is equicompact, then
Cp(X, Y ) = K(X, Y ).
Proof. Since the p-(V ) sets in X∗ coincides with the uniformly p-convergent
subsets ofX∗, it is enough to show that every uniformly p-convergent subsetM
of X∗ is relatively compact; see ([4, Theorem 2.4]). For this purpose, consider
y0 ∈ SY and put H =M⊗y0. Obviously, H is a uniformly p-convergent subset
of K(X, Y ). Hence, by the hypothesis, H is equicompact, which yields the
equicompactness of M as a subset of K(X,R). Therefore, an application of
([19, Lemma 2.1]) yields the result. 
As an immediate consequence of Proposition 2.2 of [18], one can conclude
the following result.
Proposition 3.2. If BX is weakly p-precompact, then a bounded subset M of
K(X, Y ) is equicompact if and only if M is uniformly p-convergent.
Example 3.3. For each b = (bn)n ∈ ℓ2, Define the operator Tb : ℓ2 → ℓ1
by Tb(an) := (anbn). Obviously, M := {Tb : b ∈ Bℓ2} is not equicompact in
K(ℓ2, ℓ1). So, Proposition 3.2 implies that M is not a uniformly p-convergent
subset of K(ℓ2, ℓ1).
A subset M of K(X, Y ) is said to be collectively compact, if
⋃
T∈M T (BX)
is a relatively compact set. Recall that M ⊂ K(X, Y ) is equicompact if and
only if M∗ = {T ∗ : T ∈M} is collectively compact; see [18].
Proposition 3.3. Let S : X → Z be a weakly p-precompact operator. If for
each Banach space Y, every N ⊂ Cp(Z, Y ) is uniformly p-convergent, then the
set N ◦ S := {T ◦ S : T ∈ N} is equicompact.
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Proof. We prove that S∗ ◦ N∗ is collectively compact. Consider a sequence
((S∗ ◦T ∗n)y
∗
n)n in
⋃
T∈N S
∗ ◦T ∗(BY ) and put A := {T
∗
ny
∗
n : n ∈ N}. It is easy to
verify that, A is a uniformly p-convergent set in Z∗. Indeed, if (zn)n ∈ ℓ
w
p (Z),
we have
lim
n→∞
sup
m
|〈zn, T
∗
m(y
∗
m)〉| ≤ lim
n→∞
sup
m
‖ Tm(zn) ‖= 0.
Let (z∗n)n ⊂ A and let (zn)n ∈ ℓ
w
p (Z). Cosider an operator S1 : Z → ℓ∞
defined by S1(z) := (z
∗
n(z)). Since A is uniformly p-convergent set in Z
∗,
limn ‖ S1(zn) ‖= limn supi |z
∗
i (zn)| = 0, and so S1 is p-convergent. Hence, the
operator S1S : X → ℓ∞ is compact, since S : X → Z is a weakly p-precompact
operator. Thus S∗ ◦S∗1 is compact and so, S
∗(z∗n)n = (S
∗(S∗1(e
1
n))n is relatively
compact, where (e1n) is the unit basis of ℓ1. Hence, S
∗(A) is a relatively compact
set and so, ((S∗ ◦ T ∗n)y
∗
n)n has a convergent subsequence. 
In [19], the authors defined weakly equicompact sets as those subsets M of
W (X, Y ) satisfying that, for every bounded sequence (xn)n in X, there exists
a subsequence (xkn)n such that (T (xkn))n is weakly uniformly convergent for
T ∈M.
Proposition 3.4. If BX is weakly p-precompact, then the following statements
are equivalent for a set M ⊂W (X, Y ).
(i) M is weakly equicompact.
(ii) M∗(y∗) is a uniformly p-convergent set in X for every y∗ ∈ Y ∗.
(iii) T (xn)
w
→ 0 uniformly for T ∈M whenever (xn)n ∈ ℓ
w
p (X).
Proof. Since the assertions (i) ⇒ (ii) is straightforward of ([19, Corollary 2.3])
and (ii) ⇒ (iii) is obvious, we only have to show that (iii) ⇒ (i).
Let (xn)n be a bounded sequence in X. Since BX is weakly p-precompact,
we can suppose that (xn)n is weakly p-Cauchy. Assume that M is not weakly
equicompact. Thus, (T (xn))n is not weakly Cauchy uniformly for T ∈ M.
So, there exist ε > 0, y∗ ∈ Y ∗, strictly increasing sequences (pn)n ⊂ N and
(qn)n ⊂ N, a sequence (Tn)n in M such that:
|〈xpn − xqn, T
∗
n(y
∗)〉| = |〈Tn(xpn)− Tn(xqn), y
∗〉| ≥ ε
2
for all n ∈ N,
which is a contradiction. 
In the following example, we show that the hypothesis about X cannot be
omitted in Proposition 3.4.
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Example 3.4. Suppose M := Bℓ∞ ⊗ Bℓ1. An easy verification shows that
M ⊂W (ℓ1, ℓ1) satisfies conditions (ii) and (iii) of Proposition 3.4 while, M is
not weakly equicompact.
Here, we obtain a characterization of double dual of Banach space X with
the p-Schur property.
Theorem 3.5. If X is a Banach space, then the following statements are
equivalent:
(i) For every Banach space Y, if M ⊂W (X∗, Y ) is relatively weakly p-compact,
then it is weakly equicompact.
(ii) For some Banach space Y 6= {0}, if M ⊂ W (X∗, Y ) is relatively weakly
p-compact, then it is weakly equicompact.
(iii) X∗∗ has the p-Schur property.
Proof. The assertion (i) ⇒ (ii) is straightforward. Therefore, we only prove
that the assertions (ii) ⇒ (iii) and (iii) ⇒ (i).
(ii) ⇒ (iii) Let K be a relatively weakly p-compact set in X∗∗. We claim that
K is relatively norm compact. For this purpose, consider M = K
⊗
y0, so
that y0 ∈ Y − {0}. One can see that, M is a relatively weakly p-compact
set in W (X∗, Y ). By the hypothesis, M is weakly equicompact, which yields
the weakly equicompactness of K. Hence, ([19, Lemma 2.1]) implies that K is
relatively norm compact.
(iii) ⇒ (i) Suppose that M ⊂ W (X∗, Y ) is relatively weakly p-compact and
(x∗n)n ∈ ℓ
w
p (X
∗). If T (x∗n)
w
→ 0, so that the convergence is not uniform for
T ∈M, then there exist y∗ ∈ Y ∗, ε > 0, strictly increasing sequences (pn)n ⊂ N
and (qn)n ⊂ N, and a sequence (Tn)n in M such that:
|〈x∗pn − x
∗
qn
, T ∗n(y
∗)〉| = |〈Tn(x
∗
pn
)− Tn(x
∗
qn
), y∗〉| ≥ ε
2
for all n ∈ N,
On the other hand, (x∗pn − x
∗
qn
)n is weakly p-Cauchy and (T
∗
n(y
∗))n admits a
weakly convergent subsequence. Since X∗∗ has the p-Schur property, Theorem
2.8 of [4] implies that X∗∗ ∈ (DPPp). Hence, by using Theorem 3.1 in [8], we
have lim
n→∞
|〈x∗pn − x
∗
qn
, T ∗n(y
∗)〉| = 0, which is a contradiction. 
Proposition 3.5. Let X be a Banach space. If there exsits a Banach space
Y 6= {0} such that every uniformly p-convergent set of W (X, Y ) is weakly
equicompact, then Cp(X, Y ) = K(X, Y ).
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Proof. It suffices to show that every uniformly p-convergent set K ⊂ X∗ is
relatively compact; see ([4, Theorem 2.4]). Choose y0 ∈ Y and y
∗
0 ∈ Y
∗ such
that 〈y∗0, y0〉 = 1. Clearly, M = K
⊗
y0 is a uniformly p-convegent set in
W (X, Y ) and so, by the hypothesis, M is weakly equicompact. Hence, by using
Proposition 2.2 of [19], K = 〈y∗0, y0〉K =M
∗(y∗0) is relatively compact. 
Definition 3.2. Let U ⊂ X be an open convex and 1 ≤ p ≤ ∞. We say that
f : U → Y is a weakly p-sequentially continuous map, if it takes U-bounded
and weakly p-Cauchy sequences of U into norm convergent sequences in Y. We
denote the space of all such mappings by Cpwsc(U, Y ).
The class of all weakly ∞-sequentially continuous mappings is precisely the
class of all weakly sequentially continuous mappings; see [9]. Also, note that
Cqwsc(U, Y ) ⊆ C
p
wsc(U, Y ), whenever 1 ≤ p < q ≤ ∞. But, we do not have any
example of a mapping f ∈ C1u(U, Y ) ∩ Cpwsc(U, Y ) which does not belong to
Cqwsc(U, Y ).
Proposition 3.6. Let U ⊂ X be an open convex and 1 ≤ p ≤ ∞. If f
is compact and takes U-bounded and weakly p-Cauchy sequences into weakly
Cauchy sequences, then f ∈ Cpwsc(U, Y ).
Proposition 3.7. Let U ⊂ X be an open convex and 1 ≤ p ≤ ∞. If f ∈
C1u(U, Y ) so that f ′ ∈ Cpwsc(U,Cp(X, Y )), then f ∈ C
p
wsc(U, Y ).
Proof. Let (xn)n be a U -bounded and weakly p-Cauchy sequence. By the Mean
Value Theorem ([7, Theorem 6.4]), we have
‖ f(xn)− f(xm) ‖ ≤ ‖ f
′(cn,m)(xn − xm) ‖
for some cn,m ∈ I(xn, xm). Since the sequence (cn,m) is U -bounded and weakly
p-Cauchy, the sequence (f ′(cn,m)) norm converges to some T ∈ Cp(X, Y ).
Therefore we have:
lim
n,m→∞
‖ f ′(cn,m)(xn − xm)− T (xn − xm) ‖ +T (xn − xm) ‖
≤ lim
n,m→∞
‖ f ′(cn,m)(xn − xm)− T (xn − xm) ‖ + lim
n,m→∞
‖ T (xn − xm) ‖= 0.
So, lim
n,m→∞
‖ f ′(cn,m)(xn − xm) ‖= 0. Hence, the sequence (f(xn))n is norm
convergent. 
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Proposition 3.8. Let U ⊂ X be an open convex and 1 ≤ p ≤ ∞. If f : U → Y
is a differentiable mapping such that for every U-bounded set K, f ′(K) is a
uniformly p-convergent set in L(X, Y ), then f ∈ Cpwsc(U, Y ).
Proof. Let (xn)n be a U -bounded and weakly p-Cauchy sequence. By the Mean
Value Theorem ([7, Theorem 6.4]), for all n,m ∈ N, there is ci,j ∈ I(xn, xm)
such that
‖ f(xn)− f(xm) ‖≤‖ f
′(ci,j)(xn − xm) ‖≤ sup
i,j
‖ f ′(ci,j)(xn − xm) ‖
Obviously, the set K := {ci,j : i, j ∈ N} is contained in the convex hull of all
xn and then in U, since U is a convex set. Moreover K is still a U -bounded
set. By the hypothesis, f ′(K) is a uniformly p-convergent set in L(X, Y ). Since
(xn − xm) ∈ ℓ
w
p (X), it follows that lim
n,m
sup
i,j
‖ f ′(ci,j)(xn − xm) ‖= 0. Therefore,
‖f(xn)− f(xm)‖ → 0. 
Now by using the same argument of ([9, Theorem 2.1]), we find a method
to get uniformly p-convergent subsets of L(X, Y ).
Theorem 3.6. Let U ⊆ X be an open convex subset and 1 ≤ p < ∞. If
f ∈ C1u(U, Y ), then the following assertions are equivalent:
(i) f ∈ Cpwsc(U, Y );
(ii) For every U-bounded and weakly p-Cauchy sequence (xn) and every weakly
p-Cauchy sequence (hn) ⊂ X, the sequence (f
′(xn)(hn))n norm converges in
Y ;
(iii) For every U-bounded weakly p-Cauchy sequence (xn)n and every weakly
p-summable sequence (hn)n ⊂ X, we have
lim
n
sup
m
‖ f ′(xm)(hn) ‖= 0;
(iv) For every U-bounded and weakly p-Cauchy sequence (xn)n and every
weakly p-summable sequence (hn)n ⊂ X, we have
lim
n
f ′(xn)(hn) = 0;
(v) f ′ takes U-bounded and weakly p-precompact subsets of U into uniformly
p-convergent subsets of L(X, Y ).
Proof. (i) ⇒ (ii) Let (xn)n be a U -bounded weakly p-Cauchy sequence and
let (hn)n be a weakly p-Cauchy sequence in X. Without loss of generality, we
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assume that (hn)n is bounded. Consider B := {xn : n ∈ N} and let d :=
min{1, dist(B, ∂U)}. It is easy to show that the set
B′ := B +
d
2
BX ⊂ U
is also U -bounded. Since f ∈ C1u(U, Y ), f ′ is uniformly continuous on B′.
Hence, for given ε > 0, there exists 0 < δ < d
4
such that if t1, t2 ∈ B
′ satisfy
‖ t1 − t2 ‖< 2δ, then
(1) ‖ f ′(t1)− f
′(t2) ‖<
ε
4
.
If c ∈ I(xn, xn + δhn) for some n ∈ N, then
‖ c− xn ‖≤ δ ‖ hn ‖< δ < 2δ <
d
2
,
and so,
c = xn + (c− xn) ∈ B
′ = B +
d
2
BX
As an immediate consequence of the Mean Value Theorem ([7, Theorem 6.4]),
and formula (1), we obtain
‖ f ′(xn)(δhn)− f(xn + δhn) + f(xn) ‖
≤ sup
c∈I(xn,xn+δhn)
‖ f ′(c)− f ′(xn) ‖‖ δhn ‖≤
εδ
4
.
Similarly,
‖ f(xm + δhm)− f(xm)− f
′(xm)(hm) ‖
≤ sup
c∈I(xm,xm+δhm)
‖ f ′(c)− f ′(xm) ‖‖ δhm ‖≤
εδ
4
.
On the other hand, the sequences (xn + δhn)n and (xn)n are U -bounded and
weakly p-Cauchy in U. Hence, by the hypothesis the sequences (f(xn+ δhn))n
and (f(xn))n are norm convergent in Y. Hence, we can find n0 ∈ N so that for
n,m > n0 :
‖ f(xn + δhn)− f(xm + δhm) ‖<
εδ
4
, ‖ f(xn)− f(xm) ‖<
εδ
4
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So, for n,m > n0, we have
‖ f ′(xn)(hn)− f
′(xm)(hm) ‖< ε.
(ii)⇒ (iii) Let (xn)n be a U -bounded weakly p-Cauchy sequence and let (hn)n
be a weakly p-summable sequence in X. By the part (ii), for every h ∈ X, the
set {f ′(xn)(h) : n ∈ N} is bounded in Y. On the other hand, there exists a
subsequence (xmk)k of (xm)m in U such that
‖ f ′(xmk)(hk) ‖≥ sup
m
‖ f ′(xm)(hk) ‖ −
1
k
(k ∈ N).
Since the sequences (xmk)k in U and (h1, 0, h2, 0, h3, 0, · · ·) in X are weakly
p-Cauchy, the sequence
(f ′(xm1)(h1), 0, f
′(xm2)(h2), 0, f
′(xm3)(h3), 0, · · ·)
converges in Y. Therefore, lim
k
f ′(xmk)(hk) = 0. Hence, we have:
lim
k
sup
m
‖ f ′(xm)(hk) ‖= 0.
(iii) ⇒ (iv) is obvious.
(iv) ⇒ (v) Let K be a weakly p-precompact and U -bounded set. It is clear
that, for every h ∈ X, the set f ′(K)(h) is bounded in Y. Let (hn)n be a weakly
p-summable sequence in X. If (hnk)k is a subsequence of (hn)n, then for every
k ∈ N, there exists ak ∈ K such that
sup
a∈K
‖ f ′(a)(hnk) ‖<‖ f
′(ak)(hnk) ‖ +
1
k
.
Since K is a weakly p-precompact set, the sequence (ak)k admits a weakly
p-Cauchy subsequence (akr)r. Hence, by the hypothesis,
lim
r
‖ f ′(akr)(hnkr ) ‖= 0.
Therefore we have, lim
r
sup
a∈K
‖ f ′(a)(hnkr ) ‖= 0. Hence, every subsequence of
(sup
a∈K
‖ f ′(a)(hn) ‖)n has a subsequence converging to 0.Therefore, the sequence
itself converges to 0, that is, lim
n
sup
a∈K
‖ f ′(a)(hn) ‖= 0.
(v)⇒ (i) Let (xn)n be a U -bounded and weakly p-Cauchy sequence. Since U is
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convex, the segment I(xn, xm) is contained in U for all n,m ∈ N. By the Mean
Value Theorem ([7, Theorem 6.4]), there exists cnm ∈ I(xn, xm) such that
‖ f(xn)− f(xm) ‖≤‖ f
′(cn,m)(xn − xm) ‖≤ sup
i,j∈N
‖ f ′(ci,j)(xn − xm) ‖ .
Since (ci,j)i,j is a weakly p-Cauchy and U -bounded sequence, the part (v)
implies that
lim
n,m
sup
i,j∈N
‖ f ′(ci,j)(xn − xm) ‖= 0.
Therefore, lim
n,m→∞
‖ f(xn)− f(xm) ‖= 0. 
Example 3.7. Let h ∈ C1(R) and 1 < p < 2. Define f : ℓp∗ → R by
f((xn)n) =
∞∑
n=1
h(xn)
2n
. The same argument as in the ([11, Example 2.4]), shows
that f is differentiable so that f ′((xn)n) = (
h′(xn)
2n
)n ∈ ℓp. By Pitt’s Theorem
([11, Theorem 2.1.4]), f ′ : ℓp∗ → ℓp is compact and so, f
′(Bℓp∗ ) is a relatively
compact set in L(ℓp∗ ,R) = Cp(ℓp∗,R). Therefore, the part (iv) of Proposition
3.1, yields that f ′(Bℓp∗ ) is a uniformly p-convergent set in L(ℓp∗ ,R). Hence,
Proposition 3.8 implies that f is weakly p-sequentially continuous. On the other
nand, 1
2
Bℓp∗ is a Bℓp∗ -bounded set. Hence, by Theorem 3.6 f
′(1
2
Bℓp∗ ) is a p-(V)
set in ℓp.
4. Factorization theorem through a p-convergent operator
Here, for given a mapping f : U → Y, we show that f is differentiable so
that f ′ takes U -bounded sets into uniformly p-convergent sets if and only if it
happens f = g ◦ S, where S is a p-convergent operator from X into a suitable
Banach space Z and g : S(U) → Y is a Gaˆteaux differentiable mapping with
some additional properties.
Theorem 4.1. Let U ⊂ X be an open convex and 1 ≤ p ≤ ∞. If f : U → Y
is a mapping, then the following assertions are equivalent:
(a) f is differentiable so that f ′ takes U-bounded sets into uniformly p-convergent
sets and f is weakly p-sequentially continuous.
(b) There exist a Banach space Z, an operator S ∈ Cp(X,Z) and a mapping
g : S(U)→ Y such that:
(i) f(x) = g(S(x)) for all x ∈ U.
(ii) g ∈ DM(S(x), Y ) for every x ∈ U, where
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M := {S(B) : B is a U-bounded subset of X}.
(iii) g′ is bounded on S(B) for every U-bounded subset B ⊂ X.
Moreover, if this factorization holds, f is weakly p-sequentially continuous.
Proof. (a) ⇒ (b) For every n ∈ N, put
Wn = {x ∈ U : d(x, ∂U) >
1
n
}
⋂
nBX .
By the hypothesis for every r ∈ N, f ′( Wr
r‖f ′‖Wr
) is a uniformly p-convergent
set. Now, we define K :=
∞⋃
r=1
f ′(Wr)
r ‖ f ′ ‖Wr
. We claim that, K is a uniformly
p-convergent set. Indeed, for every N ∈ N, we define AN :=
⋃
r≤N
f ′(Wr)
r ‖ f ′ ‖Wr
and BN :=
⋃
r>N
f ′(Wr)
r ‖ f ′ ‖Wr
. Since AN is a uniformly p-convergent set, it is
enough to show that BN is a uniformly p-convergent set. For this purpose, let
(xn)n ∈ ℓ
w
p (X) and M = sup
n
‖ xn ‖ . If T ∈ BN , then there are r > N and
x ∈ Wr so that T =
f ′(x)
r‖f ′‖Wr
. It is clear that, ‖ T ‖≤ 1
r
< 1
N
. Hence, for each
N ∈ N we have:
lim
n→∞
sup
T∈K
‖ T (xn) ‖= max{ lim
n→∞
sup
T∈AN
‖ T (xn) ‖, lim
n→∞
sup
T∈BN
‖ T (xn) ‖} ≤
M
N
.
Therefore, lim
n→∞
sup
T∈K
‖ T (xn) ‖= 0 and so, K is a uniformly p-convergent set.
Now, as in the proof of ([10, Theorem 2.1]), let
VK := {x ∈ X : sup
φ∈K
‖ φ(x) ‖Y= 0}
and G := X
Vk
. If S : X → G is the quotient map G, then G is normed space
respect the norm ‖ S(x) ‖= sup
φ∈K
‖ φ(x) ‖Y , ∀x ∈ X. Suppose that Z is
the completion of G. Let (xn)n ∈ ℓ
w
p (X), since K is a uniformly p-convergent
set, ‖ S(xn) ‖= sup
φ∈K
‖ φ(xn) ‖→ 0. Hence, S ∈ Cp(X,Z). Now we define
g : S(U)→ Y by g(S(x)) = f(x), x ∈ U. In the first, we proved that g is well
defined. Suppose that ‖ S(x − y) ‖= 0. Since the span of K contains f ′(U),
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we have
‖ f ′(c)(x− y) ‖= 0 (c ∈ U).
By using the Mean Value Theorem ([7, Theorem 6.4]),
sup
c∈I(x,y)
‖ f(x)− f(y) ‖≤‖ f ′(c)(x− y) ‖= 0,
and so f(x) = f(y). Therefore g well defined. Now, we show that g is Gaˆteaux
differentiable. For given x, y ∈ U,
(2) lim
t→0
g(S(x) + tS(y))− g(S(x))
t
= lim
t→0
f(x+ ty)− f(x)
t
= f ′(x)(y)
where | t | is sufficiently small so that x + ty ∈ U. For x ∈ U fixed, the
mapping g′(S(x)) : G → Y given by g′(S(x))(S(y)) = f ′(x)(y) (y ∈ X) is
linear. Choosing r ∈ N so that x ∈ Wr, we have
‖ g′(S(x))(S(y)) ‖ =
‖ f ′(x)(y) ‖ ≤ r ‖ f ′ ‖Wr‖ S(y) ‖ .
Hence g′(S(x)) is continuous and may be extended to the completion Z of
G. Hence g is Gaˆteaux differentiable. Moreover, since f is differentiable, for
every U -bounded set B, the limit in (2) exists uniformly to S(y) in S(B). So,
g ∈ DM(S(x), Y ) for every x ∈ U, where
M = {S(B) : B is a U − bounded subset of X}
and (ii) is proved.
From the inequality (ii), we have
‖ g′(S(x)) ‖= sup
‖S(y)‖≤1
‖ g′(S(x))(S(y)) ‖≤ r ‖ f ′ ‖Wr , (x ∈ Wr)
and this implies (iii).
(b) ⇒ (a). Assume that there exists a Banach space Z and S ∈ Cp(X,Z),
and a mapping g : S(U) → Y satisfying (b). Obviously, f is differentiable.
We claim that f ′ takes U -bounded sets into uniformly p-convergent sets. For
this purpose, suppose that B is a U -bounded set and (xn)n ∈ ℓ
w
p (X). Since
S ∈ Cp(X,Z), we have
sup
x∈B
‖ f ′(x)(xn) ‖= sup
x∈B
‖ g′(S(x))(S(xn)) ‖ ≤
sup
x∈B
‖ g′(S(x)) ‖‖ S(xn) ‖→ 0.
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So, f ′(B) is a uniformly p-convergent set. Given r ∈ N, the mapping g is
uniformly continuous on S(Wr). Indeed, for x, y ∈ Wr, we have
‖ g(S(x))− g(S(y)) ‖=‖ f(x)− f(y) ‖≤ sup
c∈Wr
‖ f ′(c)(x− y) ‖
≤ r ‖ f ′ ‖Wr sup
φ∈K
‖ φ(x− y) ‖= r ‖ f ′ ‖Wr‖ S(x− y) ‖
where we have used that Wr is a convex set. Hence, if (xn)n is a U -bounded
weakly p-Cauchy sequence, then the sequence (S(xn))n in S(Wr), for a suitable
index r, is norm Cauchy and so, (f(xn))n = (g(S(xn)))n is also norm Cauchy.
Hence, f is weakly p-sequentially continuous. 
Example 4.2. Let h ∈ C1(R). Define f : c0 → R by f((xn)n) =
∞∑
n=1
h(xn)
2n
. It
is easy verify that f is differentiable so that f ′((xn)n) = (
h′(xn)
2n
)n ∈ ℓ1. Since
f ′ : c0 → L(c0,R) = Cp(c0,R) is compact, f
′(Bc0) is a relatively compact set
in Cp(c0,R) and so, f
′(Bc0) is a uniformly p-convergent set in ℓ1. Therefore,
Proposition 3.8 implies that f is weakly p-sequentially continuous. Hence, there
exist a Banach space Z, an operator S ∈ Cp(c0, Z) and a Gaˆteaux differentiable
mapping g : S(Bc0)→ R such that f = g ◦ S with some additional properties.
References
[1] F. Albiac and N. J. Kalton, Topics in Banach Space Theory, Graduate Texts in Math-
ematics, 233, Springer, New York, 2006.
[2] R. M. Aron, Weakly uniformly continuous and weakly sequentially continuous entire
functions, Advances in Holomorphy, in: Math. Stud., vol. 34, North-Holland, Amster-
dam, 1979, pp. 47-66.
[3] R. M. Aron, C. Hervs, M. Valdivia, Weakly continuous mappings on Banach spaces, J.
Funct. Anal. 52 (1983) 189-204.
[4] M. Alikhani, M. Fakhar and J. Zafarani, p-convergent operators and p-Schur property,
Analysis Mathematica (Accept), (2019).
[5] F. Bombal, J. M. Gutie´rrez, I. Villanueva, Derivative and factorization of holomorphic
functions, J. Math. Anal. Appl. 348 (2008) 444-453.
[6] J. M. F. Castillo and F. Sa´nchez, Dunford-Pettis-like properties of continuous function
vector spaces, Rev. Mat. Univ. Complut. Madrid 6 (1993), 43-59.
[7] S. B. Chae, Holomorphy and Calculus in Normed Spaces, Monogr. Textbooks Pure
Appl. Math. 92, Dekker, New York 1985.
[8] D. Chen, J. Alejandro Cha´vez-Domi´nguez and L. Li, p-converging operators and
Dunford-Pettis property of order p, J. Math. Anal. Appl. 461 (2018), 1053-1066.
16 M. ALIKHANI.
[9] R. Cilia, J. M. Gutie´rrez, Weakly sequentially continuous differentiable mappings. J.
Math. Anal. Appl. 360 (2009), 609-623.
[10] R. Cilia, J. M. Gutie´rrez, Factorization of weakly continuous differentiable mappings.
Bull. Braz. Math. Soc. (N.S.) 40 (2009), 371-380.
[11] R. Cilia, J. M. Gutie´rrez, and G. Saluzzo, Compact factorization of differentiable map-
pings. Proc. Amer. Math. Soc. 137 (2009), 1743-1752.
[12] M. Dehghani and S. M. Moshtaghioun, On p-Schur property of Banach spaces, Ann.
Funct. Anal, 9 (2018), 123-136.
[13] R. Deville, E. Matheron, Pyramidal vectors and smooth functions on Banach spaces,
Proc. Amer. Math. Soc. 128 (2000) 3601-3608.
[14] J. Diestel, H. Jarchow and A. Tonge, Absolutely Summing Operators, Cambridge Univ.
Press, (1995).
[15] M. Gonza´lez and J. M. Gutie´rrez, Factorization of weakly continuous holomorphic map-
pings, Studia Math. 118 (1996), 117-133.
[16] L. Li, D. Chen and J. Alejandro Cha´vez-Domi´nguez, Pelczyn´ski’s property (V ∗) of
order p and its quantification, Math. Nachr. 291 (2018) 420-442.
[17] F. Mayoral, Compact sets of compact operators in absence of ℓ1, Proc. Amer. Math.
Soc. 129 (2001) 79-82.
[18] E. Serrano, C. Pin˜eiro, and J. M. Delgado, Equicompact sets of operators defined on
Banach spaces, Proc. Amer. Math. Soc. 134 (2006), 689-695.
[19] E. Serrano, C. Pin˜eiro, and J. M. Delgado, Weakly Equicompact sets of operators
defined on Banach spaces, Arch. Math. 86 (2006), 231240.
[20] E. Serrano, C. Pin˜eiro, and J. M. Delgado, Some properties and applications of equicom-
pact sets of operators, Studia. Math 181 (2) (2007).
Department of Mathematics, University of Isfahan
E-mail address : m2020alikhani@ yahoo.com
